The Puzzling Success of Overparameterization: Lottery Tickets or Escape
Dimensions?

Flavio Martinelli' Johanni Brea

Abstract

Lotteries and tickets are often used as a didac-
tical analogy to explain the success of overpa-
rameterized neural networks: “larger networks
succeed because they more likely contain a well-
initialized subnetwork that can learn the task in
isolation, much like buying more tickets increases
the chances of winning a lottery.” This explana-
tion is intuitive but misleading: it suggests that
subnetworks can be treated in isolation from the
rest of the network. Following this reasoning
leads to interpreting learning in wide networks as
a multi-start optimization process, where gradient
descent simply conducts a parallel search over
subnetworks. We argue that this view is flawed
since, among other reasons, winning tickets can
be made to fail by perturbing the rest of the net-
work. We put forward a more accurate intuitive
picture for the success of overparameterization
based on the geometry of loss landscapes: increas-
ing width expands the set of available dimensions
for optimization, making it easier to escape bad
local minima. Moreover, as width grows, bad
minima become increasingly rare relative to good
minima. As the field grows mature, it is important
to refine the analogies we use to explain foun-
dational phenomena, such as the apparent redun-
dancy of large networks, reconciling practitioners’
intuitions with modern theoretical insights.

Nowadays, we can optimize neural networks to achieve im-
pressive results by implementing gradient descent with a
few lines of code. Yet, behind this simplicity lies the coordi-
nation of billions of moving parts: the network parameters.
These parameters interact in complex ways to arrange them-
selves into configurations that solve challenging tasks. The
lottery analogy (introduced by Frankle & Carbin, 2019) has
become a popular way to make sense of this complexity, by
stripping down the many nonlinear interactions to a simple
combinatorial picture of competing subnetworks: after ini-
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Escape Dimensions Theory

Adding seemingly redundant parameters to a neural
network increases the number of dimensions avail-
able to escape sub-optimal minima, making it easier
for gradient descent to traverse the loss landscape.
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Figure 1. Escape Dimensions. In the landscape spanned by the
axis d;, gradient descent approaches the local minimum A (black
path). After overparameterization, the new landscape dimension
d; (in blue) enables escape (Fukumizu & Amari, 2000) to a better
minimum B . The trajectory may later drift away from the axis d;.

tialization each subnetwork is a lottery ticket, and training
a large network is like buying many tickets to increase the
chances of finding the one that can solve the task. The field
has embraced this metaphor to explain why seemingly re-
dundant, large networks are necessary for training, permeat-
ing both research and didactical content. But is this analogy
accurate? Can overparameterization be explained in terms of
subnetworks? In this paper, we argue that the lottery ticket
analogy is a misleading mental model for understanding
overparametrization in neural networks and that instead
the geometry of the loss landscape provides a more ac-
curate intuition, via the concept of Escape Dimensions
(Fig. 1). We coin the term Escape Dimensions Theory to
bring together ideas across studies (among others: Fuku-
mizu & Amari 2000; Mei et al. 2018; Simsek et al. 2021;
Belkin 2021) under a novel, intuitive lens that does not in-
voke lottery tickets to explain overparameterization: as net-
works grow, bad minima transform into saddles, revealing
new dimensions for gradient descent to escape (Section 3).
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1. A common metaphor in the field

"By this logic, overparameterized networks are easier to
train because they have more combinations of subnetworks
that are potential winning tickets.” ¥

Frankle & Carbin, 2019

The lottery metaphor is often invoked in the context of
overparameterized networks (evidence in Section 1.2),
prompted by statements such as the one quoted here, to
explain the need for overparameterization in deep learning.
However, it originates from the lottery ticket hypothesis
(LTH, Frankle & Carbin, 2019), formulated in the context
of pruning experiments. Before the LTH was proposed,
countless experiments in the pruning literature had shown
that large models, once trained, could be stripped of most
of their parameters without significant loss in performance
(LeCun et al., 1989; Reed, 1993; Han et al., 2015; Hoefler
et al., 2021). In 2019, Frankle & Carbin discovered that
there exist sparse networks (identified by pruning) that can
be trained from scratch to full accuracy, given the right
initialization. The existence of these so-called winning
tickets was surprising, because it seemed that dense, large
networks were necessary for successful training. However,
identifying these well-initialized subnetworks still required
information from the initial training of a dense network.
Since then, the LTH has inspired a large body of work, with
the dream of reducing the energy demands of deep learning
not only at inference, but also at training time (Evci et al.,
2020; Wang et al., 2020; Liu et al., 2024; Jeffares & van der
Schaar, 2025). The observation that small networks are
difficult to train, despite the existence of winning tickets,
together with the LTH popularity, created fertile ground for
the lottery analogy to spread as an intuitive explanation of
why larger networks are easier to optimize (Section 1.1).

This paper does not challenge the empirical validity of the
LTH. What we challenge is the intuition, or analogy, or com-
mon wisdom that the lottery metaphor has generated in the
community to explain the apparent redundancy of large neu-
ral networks. The concept of a lottery, a “game of chance”
with a specific set of rules, invokes three key properties:

 Sufficiency: having a winning ticket is sufficient to
win the lottery.

¢ Scaling: the probability of winning the lottery scales
predictably with the number of purchased tickets.

* Independence: tickets in a large lottery are approxi-
mately independent samples.

We find that, over the literature and in various forms
of didactical content, these properties are often directly
or indirectly translated to the context of subnetworks
embedded in overparameterized networks (see Section 1.2
and Tables A1, A2). Namely:

 Sufficiency: containing a winning subnetwork at ini-
tialization is sufficient to train the network successfully.

 Scaling: the probability of successful training scales
combinatorially with the size of the network.

* Independence: the training outcome of a subnetwork
is independent from the rest of the network.

Frankle & Carbin (2019) themselves provided an interpre-
tative key for their metaphor, explicitly stating a sufficiency
(or necessity) conjecture?', as well as a scaling argument?>.
If these ideas were correct, training large networks would
amount to running many subnetworks in parallel, with the
successful one emerging as the winner over the course of
optimization (Section 1.3). The rest of this section will
clarify the origin of the misconceptions, provide evidence
for how widespread they are in literature and online content,
and describe how learning in overparameterized networks
would work if the lottery analogy were interpreted literally.

1.1. Mistaking the hypothesis for the conjecture

"Empirically, many people have found that bigger models
are easier to train (often explained with the ‘lottery ticket
hypothesis’)" @

Abnar et al., 2020

The statement defining the original hypothesis is of
empirical nature: it hypothesizes the existence of trainable
subnetworks inside large, dense, successfully trained
networks. This phenomenon has been thoroughly validated
(Frankle & Carbin, 2019; Zhou et al., 2019; Morcos et al.,
2019; Renda et al., 2020; Frankle et al., 2020; Ma et al.,
2021) and extended in a vast range of settings (Yu et al.,
2020; Prasanna et al., 2020; Li et al., 2020; Martinelli et al.,
2020; Chen et al., 2020; 2021a; Vischer et al., 2022; Chen
et al., 2021b;c; Kim et al., 2022). What holds empirically
is described in the original statement of the hypothesis:

The Lottery Ticket Hypothesis. A randomly-initialized,
dense neural network contains a subnetwork that is
initialized such that — when trained in isolation — it
can match the test accuracy of the original network after
training for at most the same number of iterations.

The intuition behind the metaphor, however, is tightly
linked to the conjecture they proposed to explain their
observations. Importantly, Frankle & Carbin were explicit
that their conjecture lacked empirical evidence:

The Lottery Ticket Conjecture (LTC). [...] an untested
conjecture that SGD seeks out and trains a subset of well-
initialized weights. Dense, randomly-initialized networks
are easier to train than the sparse networks that result from
pruning because there are more possible subnetworks from
which training might recover a winning ticket.

Superscripts of the form Q# refer to verbatim quotes from
academic and online sources, collected in Tables A1, A2. They list
examples of how the lottery metaphor is (mis)used in the literature.
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We speculate that referring to a popular empirical result with
the words “lottery”, “tickets”, “winning” has contributed
to part of the community absorbing the conjecture as if
it were an established fact. Stripped of the analogy, the
LTH could be neutrally renamed: the trainable subnetworks
hypothesis, specifically because the term lottery is only tied
to the explanatory mechanism proposed by the conjecture.
We argue that the use of this analogy in many subsequent
papers contributed to mistaking the evidence supporting the
existence of trainable subnetworks for evidence supporting
the causal explanation that large networks learn because
there exist trainable subnetworks embedded in them (LTC).

1.2. How the lottery analogy is integrated in the field

"If you start with a very overparameterized network, prob-
ability theory gives the network much higher chances to

include a better subnetwork than a very small one.”" U3
Koster et al., 2022

Statements of this form are often used to explain why large
networks are needed to fit data successfully. They are usu-
ally invoked to resolve the apparent paradox that successful
sparse networks do exist and can be found via pruning,
but only after training a large dense model. Similar state-
ments appear across a wide range of sources, including
research papers, blog posts, and lecture slides. Some of
these sources implicitly or explicitly endorse one of the
three properties stated above (sufficiencyQ!->7:13:21:25.26.33
scaling@>5:6:9:13-1619-21.24.203033.38.39 i dependence?’313%),
others mention them as part of a broader narrative, while
some even report these as hypothesis backed by evidence (as
opposed to conjectures)1617:242% By scanning the litera-
ture, we found a collection of more than 30 representative
quotes that we list verbatim in Tables A1, A2. We describe
our methodology for collecting them in Appendix A.

This framing also manifests itself in the types of research
questions it motivates. One notable example is the the-
oretical and empirical search for conditions under which
well-performing subnetworks exist at initialization. The
paper titled “Proving the lottery ticket hypothesis: pruning
is all you need” (Malach et al., 2020) first formalized and
proved a modified version of the LTH, sometimes referred
to as the strong lottery ticket hypothesis. This variant conjec-
tures that subnetworks with good performance can exist at
initialization, without requiring any training at all (Ramanu-
jan et al., 2020). Many subsequent works have built upon
this idea, improving bounds and exploring different settings
(Pensia et al., 2020; Orseau et al., 2020; Burkholz et al.,
2021; Burkholz, 2022; Berner et al., 2022; da Cunha et al.,
2022; Ferbach et al., 2023; Natale et al., 2024; Kumar &
Natale, 2025; Otsuka et al., 2026). These works are valuable
in their own right and do not aim to explain why overpa-
rameterized networks are easier to optimize. However, they
implicitly reinforce one particular framing of tickets and
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Figure 2. Multi-start optimization view of the landscape. Since
the outcome of a lottery ticket is independent from other tickets,
the analogy implies that each subnetwork’s optimization outcome
is independent. Seen from the parameter space perspective, it is as
if we could describe the trajectory of learning in a large space (left)
as a combination of independent trajectories over subspaces (right).
Each slice of parameter space is defined by a subnetwork weight
mask p;. If true, training an overparameterized network would
be equivalent to running multiple independent optimizations in
parallel, each corresponding to a differently initialized subnetwork.

lotteries: success is associated with the existence of suitable
subnetworks, rather than with the dynamics of learning in
the full parameter space. Calling this variant a strong version
of the LTH further encourages this interpretation, despite
the fact that it no longer addresses training at all. In this
view, success is explained entirely in terms of pre-existing
structure, encouraging a combinatorial picture in which the
task is to identify the right subnetwork. Even when such
subnetworks provably exist, they are not available a priori as
isolated objects. Absurdly, but not surprisingly, identifying
them in practice requires another dense, overparameterized
optimization process; the same that the original motivation
hoped to avoid (Zhou et al., 2019; Ramanujan et al., 2020;
Wortsman et al., 2020; Evci et al., 2020; Bai et al., 2022b).

Finally, this interpretation is also familiar from informal
scientific discourse. In our own experience, we hear and
see it used in talks, discussions, and pedagogical settings to
provide an intuitive account of why overparameterization is
helpful. At the time of this piece, many readers will likely
recognize similar explanations from their own interactions.

1.3. Multi-start optimization?

"If you want to win the lottery, just buy a lot of tickets and

some will likely win. Buying a lot of tickets = having an

overparameterized neural network for your task.” ¥
Princeton-CS-598D, 2020

In a lottery, it is enough to have one winning ticket to win
the prize; all other tickets are irrelevant. In discussions
related to the LTH, one frequently encounters expressions
such as “SGD seeks out a winning ticket”11:14:22:30.32.36 op
“width acts as a form of parallel search”036:3438.39 When
stated by various authors, these formulations rarely fully
commit to the claims. However, they are not conceptually
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neutral. Taken seriously, they suggest that subnetworks are
well-defined objects at initialization, whose optimization
success is fixed prior to training, and that optimization acts
primarily as a process of selection. Once this interpretation
is adopted, the implied picture of learning becomes quite
specific: if subnetworks are meaningful candidates that pre-
exist training, and if success requires at least one of them
to be “good,” then optimization (SGD) can be understood
as a process of selection among these candidates. Training
merely enables the optimization trajectory of the winning
subnetwork while suppressing the others?*’. From this
perspective, overparameterization helps by increasing the
number of attempts at solving the task. Fig. 2 illustrates
this view. Because the number of subnetworks available
in a dense network grows combinatorially with network
width, this view predicts an extremely rapid increase in the
likelihood of success as models become larger.

2. Where is the lottery in neural networks?

No metaphor is expected to hold in every aspect. When
Shakespeare writes “All the world’s a stage,” people do
not wonder where to buy theatre tickets; nor do we debate
whether networks can literally buy something. What mat-
ters is the core point of comparison that makes a metaphor
informative or educational. Finding this core is the very
work that the metaphor asks of us (Eco, 1986). What mech-
anisms do lotteries and networks supposedly share? Both
the original authors and the subsequent literature explicitly
emphasize two: the sufficiency and scaling properties (a
third property, independence often appears implicitly, as in
most games of chance). In the following, we formalize these
properties and show that they do not hold for subnetworks.

2.1. Subnetworks depend on their context

"A key question, then, is whether the presence of a winning
ticket is necessary or sufficient for SGD to optimize a neural
network to a particular test accuracy.” Q'

Frankle & Carbin, 2019

A core mechanism of lotteries is that obtaining a winning
ticket is sufficient to win the prize, regardless of the
presence of other tickets. Does this carry over to neural
networks? We set up a teacher-student experiment where
success is unambiguous: the student either reaches zero
imitation loss or does not (details in Appendix F). The
dataset is generated from a two-layer MLP with 4 hidden
neurons. We then train student networks to imitate the
teacher, by minimizing an MSE loss. Students and teacher
share the same architecture and size (m = 4 hidden
neurons). In the spirit of the LTH philosophy, we select the
successful initializations (loss < 1072%) and define them as
our winning tickets I*. We then embed each winning ticket
in a larger network: the first 4 neurons are initialized with

I*, while additional neurons are drawn from the standard
initialization distribution G, giving I = [I*,IT ~ (]
(Fig. 3a, left). Simulations of Fig. 3a (right) show how the
success rate evolves as neurons are added to a winning ticket
(dark bars), compared to training from random initialization
(grey bars): when one additional neuron (m =5) is added
to a winning ticket, the larger network yields success in
only ~65% of runs. If having a winning subnetwork were
sufficient, these larger networks should succeed every time
(100%, green empty bars). However, the initialization of the
remaining network is enough to disrupt a winning ticket.
This observation extends to practical architectures. We
take winning tickets of the Conv-6 CIFAR-10 network
of Frankle & Carbin (2019) and adversarially re-grow a
random fraction of the pruned connections. Specifically,
we initialize the regrown weights 6,4, by solving:

07, = min cos(VgTﬁ(OT, Out). veTL(eT,0)> )
adv

where Vg, L(07,0) is the initial gradient of the ticket
trained in isolation, and Vg,.L(67,80,4) is the initial
gradient of the ticket when embedded in the larger network.
This adversarial overparameterization (advOP) produces
weights that maximally oppose the ticket’s initial learning
signal. This is a weak perturbation, since it is optimized
to change only the first step of the ticket’s optimization
trajectory; after which training proceeds normally. As
shown in Fig. 3b (details in Appendix B), advOP degrades
performance of tickets embedded in slightly larger networks
in both sparse and very sparse regimes.

We conclude from these two experiments that the presence
of a winning ticket is not sufficient for successful training.
Unlike lotteries, in neural networks the presence of other
tickets (subnetworks) can alter the outcome. The reason is
that successful learning requires not only the subnetwork to
converge to the solution, but also all other network weights
to converge to a state where they have no influence.

2.2. Lack of evidence for combinatorial scaling

“the chance of any given ticket winning is tiny, but if you buy
enough of them you are certain to win, and the number of
possible subnetworks increases exponentially as the power
set of the set of connections” ¥

Wikipedia, 2024
The scaling property, perhaps the most common informal
argument about the lottery metaphor, argues that overparam-
eterization helps because wider networks contain combina-
torially many subnetworks. For this argument to produce an
exponential or combinatorial scaling law, two ingredients
are needed: first, the presence of a winning subnetwork must
be sufficient for the full network to succeed; second, the
outcomes of different subnetworks must be at least approx-
imately independent (both are in accordance with the core
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mechanisms of a lottery). Let us for a moment assume that
we can indeed treat subnetworks as independent and suffi-
cient. We formalize these assumptions, derive the predicted
scaling, and show that it disagrees with empirical data.

Given an initialization vector I € RP, we denote by
R; € {fail, success} the training outcome of the full
network, and Rg") the outcome of training subnetwork n in
isolation. The sufficiency property states:

In | {Rg") = success} = {R; = success} (2)
Coincidentally, the contrapositive also holds:
(R, = fail} = {R™ =faillvn (3

When drawing an initialization from a distribution, we can
denote the probability of success of the dense network as
P({R; = success}). Combined with the assumption that
subnetwork outcomes are independent, this yields:

n=1

N
P({R; = fail}) <P (ﬂ (R = fail}) 4)

N
ind. N ({RET”) = fail}) ®)
n=1

That is, the probability of failure should decay exponentially
with the number of embedded subnetworks /N. Because
initializations are drawn from continuous distributions@,
the pool of potential tickets is infinite, justifying the use
of sampling tickets with replacement. We test this super-
exponential scaling prediction with a teacher-student setup
similar to the one of Section 2.1. The smallest network capa-
ble of learning the task has m =4 hidden neurons. The num-
ber of size-4 dense subnetworks in a width-m network is
Np(m) = ('}); counting by edges gives Ng(m) = (Tj),
where d = di, + doy. We estimate the baseline failure prob-
ability pg by training 4000 networks at m =4 (Appendix F).
Eq. 5 sets an upper-bound: P({R; = fail}) < p)'” (or
pév #). Fig. 3c compares the measured probability of failure
(black) to these predictions (grey traces) on a logarithmic
scale. Both counting methods vastly overestimate the ben-
efits of width: the predicted combinatorial decay bears no
resemblance with the observed, much slower, decline.

Why does the combinatorial argument fail? The indepen-
dence assumption treats subnetwork outcomes as separate
draws, but they are not. Each neuron participates with the
same weights in many subnetworks, creating structural cor-
relations. Even disjoint tickets are dependent: consider a
subnetwork 7 embedded in a larger network ™ obtained by
adding neurons to a hidden layer k. The gradient of the loss
with respect to activations of any other hidden layer h; is:

oL 1L (05t 0)\ X
= v 2 (Za2) Gyectm it o) ©
n=1
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o : = LTH
@ .
@ rnd
0 Il
4 5 6 7
m
b _ C
L 50 log P({R;=fail})
g 107! oo g
- data
=75 N
%) D
8 Po
E 70 10715 p(j)v""
£ 51%-13% 11%-3% 4 5 6 7
Weights remaining m

Figure 3. Subnetworks do not respect the properties of a lottery.
a, left: A winning ticket I (green) is embedded in a larger
network with randomly initialized neurons I (black). a, right:
Success rate as neurons are added: simulations (dark) show that
embedding a winning ticket does not guarantee success, contrary
to the sufficiency property of a lottery (dashed green). Random
initialization of the full network shown for comparison (grey). b:
CIFAR-10 test accuracy of Conv-6 lottery tickets found by iterative
magnitude pruning (green) vs. adversarial overparameterization
(red) and sparse random initialization (grey), aggregated over two
sets of sparsity levels. Adversarially regrown connections degrade
the ticket’s performance, confirming that subnetwork outcomes
depend on the rest of the network. ¢: Probability of failure to learn
a target network: simulations (black) decay far more slowly than
the predictions pé\[ D and pév £ (grey), showing that the combina-
torial scaling of eq. 5 vastly overestimates the benefits of width.
Additional interpretations of scaling are discussed in Appendix C.

Both the cost gradient Vg+c € R%u and the Jacobian
% € R9%uxd depend on the added neurons: the former
via the output, the latter through forward (for £ <[ and k >1)
and backward (for k£ > [) paths. A subnetwork’s training
dynamics are therefore not a property of that subnetwork
alone; the advOP experiment of Section 2.1 provides a
direct demonstration. Hence, counting subnetworks as
independent draws is not justified. Without independence,
the joint probability in eq. 4 decomposes exactly as:

N
1 ({RY‘) - faﬂ}) Ay )
n=1

where Ay collects all interaction terms between subnetwork
outcomes: pairwise covariances, three-body correlations,
and higher-order cumulants (McCullagh, 2018). The inde-
pendence assumption sets Ay = 0; but the gap in Fig. 3¢
shows that A is the leading term, not a small correction.
A counting method that accounts for these interactions is
not trivially available, and the advantage of overparameter-
ization, real as it is (Fig. 3a), is far slower than any combi-
natorial argument would suggest.

In Appendix C we construct two scaling arguments that are
not combinatiorial: the first pretends subnetworks are inde-
pendent if they share no node; e.g., if the minimal network
is of size m and the full network of size 2m, we count two
subnetworks. The second pretends that each node is indepen-
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Figure 4. Cartoon illustrations of loss landscapes as overparameterization increases. Top: surface plots conveying the difficulty of
traversing different landscapes with gradient descent. Bottom: parameter space partitioned by basins of attraction of landscape minima,
blue color indicates the loss value at the minimum. Red dots denote isolated minima, red lines denote higher-dimensional minima
manifolds. As width increases from left to right, escape dimensions are added: the landscape transitions from (a) rugged with many
poor local minima and few good minima to (b) a more trainable one, where minima increase in number and decrease in loss. At two
independent thresholds, the landscape undergoes further qualitative changes: (c¢) if the dataset is solvable with a finite number of neurons,
and the network’s width is above that number, linear sub-spaces of redundant zero-loss solutions appear (red lines). As width increases,
these sub-spaces’ basins of attraction tend to dominate the partition. Lastly, (d) when the network capacity allows perfect interpolation
of the data, the partition is dominated by basins of attractions of manifolds of zero-loss minima (sketch inspired from Liu et al., 2022);
any initialization (spike) is close to a zero-loss solution. While the illustrations in this figure are useful to convey a sense of types and
proportions of minima in the landscape, they can only intuitively allude to some specific properties of the landscape. For example, they
misrepresent the density of critical points with respect to the entire volume (top), or any notion of vicinity between basins (bottom).

dent (see also Wang et al., 2026b). Both scalings can be seen
as reasonable heuristics (despite contradicting the analogy’s
definition of ticket and scaling); the specific teacher-student
experimental data lies between the two. Whether the lottery
metaphor can be rescued by adopting one of these alterna-
tives is an open question that requires a significant reinter-
pretation and formalization of what constitutes a ticket.

We have seen that neither scaling nor sufficiency are empiri-
cally validated. This leaves us with the impression that the
core point of comparison between networks and lotteries
is missing, except for the generic concept of chance. A
question then arises: why is the LTH empirically correct
but the LTC not? Conceptually, pruning algorithms split
the full network into two parts: (i) the successful sparse
network that survives pruning and (ii) its complement (to be
“masked out”). Because it relies on pruning after training,
the LTH satisfies two conditions: first, that a sparse sub-
network is found by pruning, implying that many weights
can be pruned because their dynamics lead them close to
zero. Second, that after pruning the remaining network can
be trained in isolation, as validated by experiments. How-
ever, the influential LTC only considers the second condition
without the first one. As we have shown, both assumptions
are necessary. In particular, the to-be-pruned subnetwork
must be initialized such that it converges to zero, if not, it
prevents convergence of the winning subnetwork.

3. Escape Dimensions Theory

We have seen that the explanation of overparameterization
using lottery tickets is oversimplified because it neglects
parameter interactions. Rather than adopting a mental
model detached from the space where learning actually
happens, we suggest to build our intuition on the loss
landscape itself. Let us focus on what the landscape looks
like and how the width of a hidden layer changes it.
Throughout this section we will refer to Fig. 4, which offers
two alternative drawings of the landscape as overparameter-
ization increases: the top row uses familiar surface plots to
convey the difficulty of traversing different landscapes with
gradient descent, the bottom row conveys the relative sizes
of basins of attraction and the dimensionality of minima.
The high dimensionality of the parameter space makes
any accurate visualization impossible; no single sketch
tells the full story, but complementary views build a richer
intuition (Welch et al., 2025). Addressing the what first,
there exists a large body of theoretical work characterizing
landscape properties related to convergence and trainability.
The two classic pictures of loss landscapes correspond
to two opposite regimes of width. In the classic regime
(i.e., networks with “narrow” layers), landscapes are often
pictured as rugged, with many poor local minima that can
trap optimization. This landscape is dominated by high-loss
local minima; good solutions exist but their basins of



The Puzzling Success of Overparameterization: Lottery Tickets or Escape Dimensions?

attraction are small, making them difficult to find (Fig. 4a);
in fact, finding optimal weights is NP-hard (Blum & Rivest,
1988; Livni et al., 2014). We can imagine the winning ticket
initialization to be inside one of these rare good basins of at-
traction. The presence of bad local minima has been widely
discussed theoretically (Auer et al., 1995; Zhou & Liang,
2018; Safran & Shamir, 2018; Venturi et al., 2019; Ding
et al., 2019; Safran et al., 2021; Arjevani & Field, 2021) and
observed empirically (Safran & Shamir, 2018; Martinelli
et al., 2024; 2025). In the vastly overparameterized, or mod-
ern regime (Jacot et al., 2018; Du et al., 2018; Chizat et al.,
2019; Belkin et al., 2019; Bahri et al., 2020), layers are wide
and the network is capable of perfectly interpolating the
training data (interpolation regime (Belkin, 2021)). The loss
landscape, despite being non-convex, is benign: training
almost always converges to global minima (Mei et al., 2018;
Chizat & Bach, 2018; Du et al., 2019; Belkin, 2021; Liu
et al., 2022). Fig. 4d gives an intuition: random initializa-
tions start at a high loss (spikes), but training quickly leads
into a connected manifold of global minima (Cooper, 2018;
Kuditipudi et al., 2019; van Meegen & Sompolinsky, 2025;
Wang et al., 2026a); a “‘sea” of zero-loss solutions, pictured
by Liu et al. (2022) as curved subspaces (Fig. 4d-bottom).
Despite not being the only minima in the landscape (Ding
et al., 2019), their basins of attraction cover the relevant por-
tion of the parameter space (Safran & Shamir, 2016; Belkin,
2021). Taken together, these results show that the loss
landscape looks very different in narrow and wide regimes.
In particular, the loss landscape of a wide network is not
just made of repeated instances of that of a narrow network
(as Fig. 2 would suggest), but is qualitatively different.

3.1. Increasing width transforms minima into saddles

How can increasing width induce a qualitative change in
the loss landscape? In the following, we introduce a men-
tal picture for why overparameterization enables successful
training: escape dimensions (Fig. 1). Escape dimensions
provide a geometric perspective that is complementary to
the convergence results aforementioned, by offering an in-
tuitive picture of what changes when we say “increasing
width reshapes the loss landscape”. Contrary to the LTC
with subnetworks, we ground our intuition in theoretically
tractable objects: critical points, i.e., points in parame-
ter space where the gradient is zero. In high-dimensional
spaces, it is easy to lose geometric intuition: visualizations
obtained from random projections (Goodfellow et al., 2015;
Im et al., 2016; Li et al., 2018) are difficult to relate to math-
ematical structures relevant to learning. We can think of
critical points as landmarks for orienting ourselves in high
dimensions. These geometrical anchors are meaningful be-
cause they shape learning trajectories, much like mountain
passes shape hiking routes in mountainous terrain.
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Figure 5. Hierarchy of critical points across widths. Each col-
umn shows the critical points of a network at a given width, ordered
by their loss level (vertical axis). When a neuron is added at a mini-
mum, a small perturbation enables gradient descent to reach one or
more lower-loss minima (grey arrows). The former minima persist
as saddle points in all wider networks, accumulating escape dimen-
sions: each additional, redundant neuron can contribute up to d
new escape dimensions, where d is the per-neuron parameter count.

The seminal work of Fukumizu & Amari (2000) lays the
foundations for understanding how critical points evolve
as width increases. In the following, we present the main
results of this work and subsequent extensions, in an infor-
mal way that emphasizes their intuitive content. For formal
statements and proofs, we refer to the original papers.

For a fixed dataset, the following holds:

Theorem 3.1. Critical point persistence (Fukumizu &
Amari, 2000, Ths. 1-2, informal): In two-layer, scalar out-
put MLPs, every critical point 6 of a network with width m
persists as a manifold of critical points o+ for any wider
network of width m™ >m:

VoLm(0) =0 = Vs L+ (07)=0. )

where the mapping 6 — 6 maintains functional equiv-
alence between the two networks. In other words: the
landscape of wider networks contains critical points that
correspond to those of narrower networks. We can interpret
this mapping as a transformation on the network that we
call neuron splitting: a neuron is added by duplicating
an existing neuron and re-scaling the output weights by
v and (1 —~) between the two copies; Moreover, the
continuous symmetry of the split maps each critical point
6 to a manifold of critical points 6+ (Fukumizu et al.,
2019; Simsek et al., 2021). Crucially, this transformation
preserves the fixed points, but not their stability:

Theorem 3.2. Minima become saddles (Fukumizu & Amari,
2000, Ths. 3-4, informal): Every local minimum of the
smaller network becomes a saddle* in the larger network.

where, for ease of exposition, we define saddle* as a critical
manifold of non-strict saddle points that can occasionally
contain non-strict local minima (referred to as plateau



The Puzzling Success of Overparameterization: Lottery Tickets or Escape Dimensions?

10! - Small network Large network ve-3 10SS x 6-4
S 4 : .
10-2 saddle 2 A _| saddle g 2
& / LY P [}
oF, S
10 7 GL)
-2 4 i g
10_8 - T T T T T T o -2 T O
0 10k -2 0 2 =2 0 2 -0.3 _ 0.3
iteration wl wl escape dimension
W init. — neurons 1and 2 -- neuron 3 before split after split
— smallnetwork  — large network e converged teacher weight — neuron 4 of3and4 ~ of3and4

Figure 6. Visualizing escape dimensions in a nonconvex landscape. A 3 and 4-neuron two-layer MLPs are trained on a 4-neuron
teacher. They share initializations except for a split neuron, whose two copies make neurons 3 and 4 in the wider network. Left: loss
curves: training of the large network (red) slows down around the same loss as the small network’s minimum (blue). Middle: input
weights evolution: the split neurons (blue and red) follow identical trajectories up to the saddle point, after which they specialize and
all neurons converge to the teacher weights (grey crosses). Right: loss landscape of the large MLP around the loss level of the small
MLP’s minimum. The escape dimension is defined by the direction of most negative curvature, the other is the direction of highest
curvature. The trajectory in parameter space is first orthogonal to the escape dimension (dashed line) until the critical point is surpassed
via the escape dimension (continuous line). See Fig. E8 for an example of an overparameterized student network.

saddles (Martinelli et al., 2025), see below). We can
intuitively interpret this result as follows: the addition of a
neuron creates new escape dimensions in parameter space
along which the loss can decrease, transforming the former
minimum into a set of saddles (Fig. 1). Formally, we define
an escape dimension e;, a direction in parameter space
along which the Hessian of the loss (computed at a critical
point 6%) has a negative eigenvalue:

He; =XNe;, M\ <0

7 7

©))

where H = V3+£(é+) is the Hessian of the loss £ with
respect to the parameters 7. Petzka & Sminchisescu, 2021
extended these results to MLPs of any depth:

Corollary 3.3. Extension to depth (Petzka & Sminchisescu,
2021, informal): The addition of neurons to any layer of a
feedforward deep network preserves Theorems 3.1 and 3.2.

this can be trivially extended to any architecture where there
are units to split (e.g. CNNs). Importantly, this mechanism
gives rise to a hierarchy of critical points across widths
(Fig. 5): a landscape of a network of width m™ contains all
critical points corresponding to those of a smaller network
with width m < m™; hinting at a combinatorial, recursive
structure of minimum-to-saddle in the landscape (Simsek
et al., 2021; Martinelli et al., 2025; Zhang et al., 2025). The
literature characterizes the stability of critical points after
neuron splitting (saddles*) in more detail: some sections
are locally attractive (Wei et al., 2008), containing non-strict
saddle points referred to as plateau saddles (Martinelli
et al., 2025); other parts are repulsive, corresponding to
strict saddles (Wei et al., 2008; Fukumizu et al., 2019;
Safran et al., 2021; Simsek et al., 2021; Zhang et al., 2021;
Petzka & Sminchisescu, 2021; Wu et al., 2025; Martinelli

et al., 2025). In realistic settings, these manifolds almost
always contain at least a few negative curvature directions,
enabling escape from critical regions via gradient-based
optimization (Safran et al., 2021; Petzka & Sminchisescu,
2021; Martinelli et al., 2025). Note that nearly flat saddle
regions can slow down or even trap learning dynamics
under certain conditions (Inoue et al., 2003; Lee et al., 2016;
Du et al.,, 2017; Chen et al., 2023). Independently from the
theoretical literature, Liu et al. (2019); Wu et al. (2020a;b)
re-discover neuron splitting and exploit escape dimensions
for learning resource-efficient practical architectures and for
continual learning problems. Under this new perspective,
we see how the cartoon of Fig. 4d can form: as neurons
are added, all critical points above zero loss accumulate
escape dimensions until the landscape offers virtually no
obstruction to gradient descent; (almost) any initialization
can descend to the bottom (Fig. 4d).

To consolidate our intuitions on neuron splitting and escape
dimensions, we guide the reader through the numerical ex-
ample of a realistic, nonconvex landscape (Fig. 6). This
example is meant to be a didactic illustration of the mecha-
nism, we refer to the cited literature for more rigorous and
general results. A smaller student network with three hid-
den neurons is trained to approximate a four-neuron teacher
(details in Appendix F.3) and converges to a local minimum
with MSE of ~ 10~* (1st panel). The two-dimensional
input allows for direct visualization of weight trajectories
(2nd and 3rd panels), where the three-neuron network vis-
ibly fails to reproduce the teacher (gray crosses). Starting
from the same initialization, we apply a neuron-splitting
operation to the original third neuron. The split replaces it
with two duplicate neurons (3 and 4 in the “large network™)
that share identical input weights and have nearly equal
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output weights (y = %Jre); their combined contribution
exactly matches that of the original neuron. Because the
split preserves the network’s function, the initial training
dynamics of the wider network closely mirror the original
(Fig. 6, 3rd panel)!. As the wider network passes through
the neighborhood of the smaller network’s local minimum
(traces crossing in the 1st panel), the perturbation between
the two neurons is amplified, causing their trajectories to
separate (3rd panel, top-left quadrant). This allows the wider
network to escape the minimum (now saddle) inherited from
the smaller model. The escape is made explicit by exam-
ining the loss landscape (Fig. 6, 4th panel) of the wider
network near the parameter values matching the smaller net-
work’s converged loss: the trajectory first descends along the
direction of maximum curvature (dashed line), then bends
along a minimum-curvature direction (other dimension); an
escape direction made possible by neuron addition.

In summary: adding neurons creates escape dimensions
that transform local minima into saddles, enabling gradient
descent to find better solutions (Fig. 4b-top). Escaping can
only lead to lower losses, consistent with the known parallel
to spin-glass models where minima proliferate increasingly
near the bottom as system size grows (Choromanska et al.,
2015). In large networks, Draxler et al. (2018) show that
functionally different (Yunis et al., 2022) low-loss minima
are separated by negligible barriers. Consistent with our
picture, the saddle points separating these distinct basins are
inherited from slightly smaller networks, and in sufficiently
wide networks even these saddles sit at very low losses
(Fig. 4b-bottom).

3.2. From local transformations to global structure

How do escape dimensions affect the overall geometry
of the loss landscape? Simsek et al. (2021) provide a
global, combinatorial perspective by counting all saddle
subspaces attributable to neuron splitting as a function of
width. These are named symmetry-induced saddles. When
a task is realizable by a network of width r, any network
of width m > has more capacity than needed to solve the
task (i.e., it is overparameterized or overspecified). The
redundant parameters introduce continuous symmetries
(Martinelli et al., 2024), so that zero-loss solutions are
no longer isolated points but linear subspaces. These
subspaces connect into larger manifolds of global minima in
parameter space. Symmetry-induced saddles have a similar
structure, but less types of transformations can guarantee
the persistence of criticality (Fukumizu & Amari, 2000).
Both saddle and global minima subspaces proliferate com-
binatorially with increasing width, so growth rates alone
are not informative. What changes is the relative number:

!dynamics cannot be exactly identical: the output weight mag-
nitude affects the input weights learning speed (see Appendix E).

in the mildly overparameterized regime (Safran & Shamir,
2018), the geometry is dominated by saddles inherited from
narrower networks (Fig. 4b). However, as the network width
increases further, a shift occurs: for m >1.5r, the number of
global minima subspaces exceeds that of saddle subspaces.
In other words, the landscape, defined by its critical points,
is dominated by global minima. In Appendix D we describe
how this count unfolds, and Fig. D6 illustrates how the ratio
of saddle to minima subspaces changes with width. In this
regime, it becomes increasingly likely for optimization to
reach a global minimum (Fig. 4c), consistent with empirical
observations showing that bad minima become less preva-
lent as width increases (Safran & Shamir, 2018; Martinelli
et al., 2024). It is important to note that this transition may
occur before or after the interpolation threshold, or never,
depending on the dataset. Escape dimensions emphasize
the mental picture that, in a very wide network, (almost)
all paths lead to the global minimum.

We collect all of the above results under the umbrella term
Escape Dimensions Theory; where each word is chosen
to build a specific intuition: escape evokes how gradient
descent escapes bad minima as they transform into saddles;
dimensions, rather than directions, emphasizes the change
in dimensionality of parameter space; and theory highlights
that this intuitive local mechanism is backed by rigorous
results (Fukumizu & Amari, 2000), and fits naturally within
broader scales of analysis (Mei et al., 2018; Simsek et al.,
2021; Belkin, 2021).

The focus on the loss landscape also clarifies the role of
lottery tickets: a winning ticket can be understood as an ini-
tialization of a narrow network that lies inside one of the rare
basins with small attraction radius in the rugged landscape
(Larsen et al., 2022). A winning ticket is found by: first, by
optimizing a wide network exploiting the benign structure
of its landscape (Fig. 4c,d); second, pruning dimensions that
are not necessary for convergence. The latter supported by
experimental evidence showing that winning tickets con-
verge to solutions functionally similar to the original dense
network (Evci et al., 2022). Escape Dimensions explain
why optimization becomes reliable as width increases.

4. Alternative views and conclusions

An alternative direction towards reasoning via subgraphs
in neural networks is the notion of neural race reduction
(Saxe et al., 2022; Jarvis et al., 2025), that considers ReLU
subnetworks as deep linear networks activated by individual
input samples. Contemporary to the writing of this piece,
Pinson (2026) made the association between the LTC and
the neural race reduction, arguing that individual ReLU
units (a specific instance of a subnetwork) can be analysed
in isolation. They assume a very specific condition in the
dynamics: that the set of data-points activating the unit
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never changes along the analyzed interval®; as well as
vanishing initialization. Neurons race against each other
to be the first to learn a specific feature, then the output
weights of the winner grow in norm and loss decreases.
While not dismissing the lottery metaphor entirely, they
“correct it” towards the concept of race between units. We
note that other theoretical works on training dynamics cite
the LTC as inspiration (Atanasov et al., 2021; Boursier et al.,
2022; Edelman et al., 2023; Arous et al., 2024; Boursier
& Flammarion, 2025; Pinson, 2026), but operate under a
different definition of tickets (units) than the one used by the
field and in the original formulation (subgraphs). Moreover,
the settings in which some of the LTC properties may hold
are ones that allow independent treatment of units (e.g.
orthogonal inputs, linear activations, shallow networks). In
Appendix C, we also provide similar alternative heuristics
that better align with the empirical observations. We value
these as alternative, promising points of view to intuitively
understand the dynamics of learning; a much broader chal-
lenge than the one we address here. Our counterexamples
show that the lottery properties, as invoked by some, are not
universal; and we do not claim they never hold. Establishing
the conditions under which they do, and formalizing what
constitutes a ticket, what scaling law it predicts, and under
what assumptions, remains an open problem. We suggest
that rescuing the lottery metaphor requires a rigorous
redefinition of ticket and explicit conditions for when the
scaling property of the analogy holds.

Since mental images are important, we propose an alterna-
tive: Escape Dimensions, backed by theoretical and empir-
ical results from the literature on loss landscapes. We note
that escape dimensions are a general phenomenon, that does
not require specific assumptions on architecture, data, depth,
or dynamics. For clarifying the paradox of why seemingly
redundant, large networks are necessary for training, escape
dimensions are enough, without invoking training dynamics
that nearly touch saddles. Another important aspect not to
dismiss is that we only addressed the question of trainability,
leaving aside questions of generalization, benign overfitting,
and implicit bias (Wilson, 2025); or whether overparam-
eterized solutions generalize well (see rich vs. lazy regimes,
e.g. Chizat et al., 2019; Woodworth et al., 2020). While
escape dimensions are a strong candidate to explain the
benefits of overparameterization, they are not the only actor
at play, and their full implications remain to be explored.

We have argued that using lottery tickets in scientific
discourse to explain overparameterization is misleading,
because it is not possible to separate subnetworks from
the rest of the system. Our representative selection of
quotes (Tables Al, A2) indicates that this oversimplified
interpretation is shared by parts of the community. We

2we refer to Pinson’s gating §, assumed to be constant.
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believe that many of the quoted authors did not intend to
convey precise or rigorous statements, but invoking the
LTH in a way that appeals to mechanisms of sufficiency,
scaling, or independence is problematic. Unfortunately, the
name lottery itself, the metaphor, is associated with these
properties. Hence, the cautionary message of our paper.

As in all sciences of complex systems, understanding re-
quires a reductionist approach. The subnetworks in the
LTH are one example of such reduction, and this likely con-
tributed to its popularity. At the time, the lottery metaphor
was a brilliant and intuitive way to convey the authors’ con-
jectures on the mechanisms of deep learning. As the field
evolved and theories became more precise, this analogy has
proven not to hold in general. In our opinion, the sugges-
tive mental picture that lottery tickets evoke should not be
reinforced in the literature nor taught in classes (unless rig-
orously refined). We suggest that the field should focus on
understanding loss landscapes and training dynamics in the
transition between the classic and vastly overparameterized
regimes (Fig. 4b,c), and close the circle with known theo-
ries of convergence and generalization in the interpolation
regime (Mei et al., 2018; Belkin, 2021; Liu et al., 2022). In
our view, critical points are promising conceptual units of re-
duction to intuitively understand network computations. The
study of saddle-to-saddle dynamics, and its interpretable out-
comes are one such example (Gidel et al., 2019; Jacot et al.,
2021; Pesme & Flammarion, 2023; Abbe et al., 2023; Bour-
sier & Flammarion, 2025; Kunin et al., 2025; Martinelli
et al., 2025; Zhang et al., 2025; Marchetti et al., 2026).
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A. Evidence of the problematic LTH interpretation

To obtain a sample of how widespread the interpretations described in Section 1 are, we employed two types of searches on
the web: 1) systematic search on arXiv, and 2) search through LLMs standard or “deep research” abilities. Both were
followed by human verification of the results. The results of both searches are reported in Tables Al and A2.

Table Al. Quotes that suggest or reinforce the use of the lottery ticket analogy to explain the success of overparameterization. The first
four rows are quotes from the original paper (Frankle & Carbin, 2019), that provide an interpretative key of the metaphor.

Quote Paper

1 “Akey question, then, is whether the presence of a winning ticket is necessary or sufficient for SGD  Frankle & Carbin, 2019
to optimize a neural network to a particular test accuracy.”

2 “We conjecture (but do not empirically show) that SGD seeks out and trains a well-initialized Frankle & Carbin, 2019
subnetwork.”

3 “By this logic, overparameterized networks are easier to train because they have more combinations  Frankle & Carbin, 2019
of subnetworks that are potential winning tickets.”

4 “We designate these trainable subnetworks, f(x;m ® 6p), winning tickets, since those that we find ~ Frankle & Carbin, 2019
have won the initialization lottery with a combination of weights and connections capable of
learning.”

5 “and hypothesized that the role of overparameterization is to provide a large number of candidate Mostafa & Wang, 2019
subnetworks, thereby increasing the likelihood that one of these subnetworks will have the necessary
structure and initialization needed for effective learning.”

6  “the lottery ticket hypothesis, which argues that the probability of sampling a lucky, trainable Morcos et al., 2019
sub-network initialization grows with network size due to the combinatorial explosion of available
sub-network initializations”

7  “Hence, they showed that the pre-trained weights are not necessary, only the pruned architecture and ~ Wang et al., 2020
the corresponding initial weight values.”

8  “they suggest that wide networks may perform as well as or better than thin ones because they ‘buy  Casper et al., 2021
more lottery tickets’ and more reliably contain these fortuitously initialized subnetworks.”

9  “Empirically, many people have found that bigger models are easier to train (often explained with the ~ Abnar et al., 2020
‘lottery ticket hypothesis’)”

10 “Surprisingly, VL+ performs better than VL , which might be because larger networks can help Dubois et al., 2020
optimization of sub-networks VL. C VL+ as suggested by the Lottery Ticket Hypothesis”

11 “This polynomial bound already tells us that unpruned networks contain many ‘winning tickets’ even  Orseau et al., 2020
without training. Then it is natural to ask: could the most important task of gradient descent be
pruning?”’

12 “The hypothesis is that overparameterized neural networks are more likely to contain sub-network,  Palm et al., 2021
which are initialized in such a way that they can be effectively optimized to solve the task.”

13 “If you start with a very overparameterized network, probability theory gives the network much Koster et al., 2022
higher chances to include a better subnetwork than a very small one.”

14 “This hypothesis suggests that “SGD seeks out and trains a well-initialized subnetwork™ and that Tripp et al., 2022
“overparameterized networks are easier to train because they have more combinations of
subnetworks that are potential winning tickets.”

15  “To explain why this happens, the lottery ticket hypothesis has been proposed [6], which posits thata ~ Lam et al., 2022
randomly initialized model contains subnetworks that are especially suited for training on the given
task (i.e. winning tickets), and that large models exponentially increase the chance of getting
winning tickets.”
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Table Al. continued

Quote

Paper
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26

27

28

29

“the network redundancy also ensures a large random network contains a huge number of
possible subnetworks, thus, carefully selecting a specific subnetwork should obtain
promising performances. This point of view has been proved by [31, 44].”

“Similar to LTH, there is compelling evidence [38, 39, 14, 13, 2, 1, 45] suggesting that
overparameterization is not essential for high test accuracy, but is helpful to find a good
initialization for the network [30, 65].”

“They theorize that in an overparameterized network, it is this subnetwork that effectively
ends up being trained, thus preventing over-fitting. They also present a simple algorithm to
identify this subnetwork.”

“This may be due to the fact that having redundant parameters from the beginning of the
training may make the loss landscape easier to optimize [139]; or it may be related to the
increase in the likelihood of obtaining a “lottery ticket” [67].”

“We show, theoretically and experimentally, that sparse initialization and increasing network
width yield significant improvements in sample efficiency in this setting. Here, width plays
the role of parallel search: it amplifies the probability of finding “lottery ticket” neurons,
which learn sparse features more sample-efficiently.”

“there exists a sparse subnetwork (winning ticket) that can be trained from scratch [...] In
this view, a large model has a greater chance of containing a good subnetwork.”

“A few possible explanations: - Lottery tickets [...] The full output of the network is the
average of many different circuits, with significant interference from non-linear interaction.
Some of these circuits are systematically useful to reducing loss, but most aren’t. Gradients
for useless circuits will have zero mean, while gradients for useful circuits will have
non-zero mean, with a lot of noise. SGD reinforces relevant circuits and suppresses useless
ones, so circuits will gradually form”

“Roughly speaking, the lottery ticket hypothesis proposes that the reason for the success of
overparametrized networks is that they give more attempts for a sufficiently expressive
subnetwork to be initialized well, and succeed at the task on its own”

“Frankle and Carbin [15] further conjecture that overparameterization improves performance
because larger models contain exponentially more sparse subnetworks in superposition and
are thus more likely to contain a "winning ticket" - a hypothesis supported by subsequent
empirical and theoretical work.”

“This overparameterisation phenomenology provides a clear example of the lottery ticket
hypothesis (Frankle & Carbin,2019). The idea is that one of the advantages of training
highly overparameterised neural networks comes from the increased likelihood of randomly
sampling a well-initialised sub-network that is sufficient to solve the learning problem at
hand. In simple words, collecting more lottery tickets will certainly enhance the chance of
finding the winning one.”

“It also resonates with the Lottery Ticket Hypothesis, which proposes that successful
training depends on the presence of a small sub-network—"the winning ticket"—within a
larger model.”

“Evidence from the original work, supported by subsequent empirical (e.g. Zhou et al.,
2019) and theoretical (e.g. Malach et al., 2020) studies, strongly indicates that the
phenomenon exists broadly and the hypothesis holds.”

“While directly identifying lottery tickets before training remains impractical, the underlying
ideas have significantly influenced our explanatory theories of sparsity, pruning, and network
efficiency.”

“One way a large DNN model, trained on the same data, overcomes this overfitting is by
having access to many subnetworks or ‘lottery tickets’, which we also observed (Figs. 1b
and 3c and Extended Data Fig. 6). Through pruning techniques, one can identify a small
subnetwork (or winning ticket) that retains the same prediction performance as the large
model.”
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Table A2. Quotes from non-paper sources found online

Quote Online article or slides

30  “Since fat networks have exponentially more component subnetworks, starting from a fatter Huszar, 2018
network increases the effective number of lottery tickets, thereby increasing the chances of
containing a winning ticket. According to this hypothesis, pruning effectively identifies the
subcomponent which is the winning ticket.”

31 “over-parametrization is not necessary for successful training - it may only help by providing a Lange, 2020
combinatorial explosion of available subnetworks”

32 “When the network is randomly initialized, there is a sub-network that is already decent at the task. ~ Kokotajlo, 2020
Then, when training happens, that sub-network is reinforced and all other sub-networks are
dampened so as to not interfere.”

oy

33 “If you want to win the lottery, just buy a lot of tickets and some will likely win. Buying a lot of ~ Princeton-CS-598D, 2020
tickets = having an overparameterized neural network for your task.”

34  “The lottery ticket hypothesis says that actually we should view a neural network as an ensemble  Flint, 2021
of a huge number of sparse subnetworks [...]”

35 “The lottery ticket hypothesis says that [...] some number of subnetworks have this "trainability"  Flint, 2021
property by virtue of having been initialized in accord with this as-yet poorly understood property.
What the optimization algorithm is implicitly doing, then, is (1) identifying which subnetworks
have this property, (2) training and upweighting them, and (3) downweighting the other networks
that do not have this property.”

36  “The SGD training process then solves the equations - it picks out the lottery tickets which Wentworth, 2021
perfectly match the data. In practice, there will be many such lottery tickets - many solutions to the
equations - because modern nets are extremely overparameterized. SGD effectively picks one of
them at random”

37  “Using the lottery ticket hypothesis, we can now easily explain the observation that large neural Fritz Al Blog, 2023
networks are more performant than small ones, but that we can still prune them after training
without much of a loss in performance. A larger network just contains more different subnetworks
with randomly initialized weights.”

38  “The term derived from considering the probability of a tunable subnetwork as the equivalent toa  Wikipedia, 2024
winning lottery ticket; the chance of any given ticket winning is tiny, but if you buy enough of
them you are certain to win, and the number of possible subnetworks increases exponentially as
the power set of the set of connections, making the number of possible subnetworks astronomical
for any reasonably large network.”

39 “It’s like betting it all on lucky 13 a thousand times in parallel. You’d have to beat one-in-a-trillion ~ Pondsiders, 2025
odds not to win in that case. That’s how training works. [...] This is the fundamental trick that
makes artificial neural networks possible. This is how we cheat at the game. Combinatorics and
graph theory and subnetworks and big, big, just stupidly big numbers.”

40  “The lottery ticket hypothesis crystallised: large networks succeed not by learning complex Lord, 2025
solutions, but by providing more opportunities to find simple ones. Every subset of weights
represents a different lottery ticket—a potential elegant solution with random initialisation. Most
tickets lose, but with billions of tickets, winning becomes inevitable.”

“It is important to acknowledge that the author later expressed doubts on this interpretation (in an edit to the same blog post (Kokotajlo,
2020)).
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A.1. Systematic arXiv search

We queried Semantic Scholar for papers citing the original Lottery Ticket Hypothesis paper (Frankle & Carbin, 2019). The
exact query is shown in Code A.1. As of 13 Nov 2025, the search returned 3,788 papers, out of which 2,503 were found to
be linking to a version on arXiv. After retrieving the arxiv IDs and their latest version numbers (e.g., v3 in 2511.08092v3),
we downloaded the PDFs of all papers from the arXiv Dataset available on Kaggle and subsequently transformed
them to text using pdftotext. Using a 100-word sliding window, we selected word-blocks that included at least one word
related to each of the three concepts:

¢ Overparameterization: [“overparameterized”, “overparameterised”, “large model”, “wide”, “big network”, “overpa-
rameterised”, “bigger”, “fatter”, “larger”]

CLINT3 CLINY3

¢ Subnetwork: [“subnetwork”, “lottery ticket”, “subset”, “path”, “winning ticket”, “subnetworks”, “tickets”, “ticket”]

EEINNT CLINNT3 EEINT3 LEINT3 LI T3 EEINT3

* Success: [“initialization”, “successfully”, “train”, “optimize”, “reach accuracy”, “succeed”, “solution”, “perform”]

This search produced a total of 3049 text blocks from 931 unique papers. With this rudimentary search method we aimed
to maximize recall at the cost of precision. We further filtered these sentences by querying an LLM on filtering out false
positives. The LLM used for this task (ChatGPT 5.1) was prompted to summarize its decision making, its response is
reported in Box A.1. This filtering procedure produced 188 sentences. Finally, we manually verified that the quotes where
kept verbatim and manually selected only the sentences that used the misleading elements of the analogy to explain the
success of overparameterization, as described in Section 1.2. Other examples were added manually as the authors found
them in the literature. The full list, is shown in Tables A1 and A2.

for i in 1:4
https://api.semanticscholar.org/graph/vl/paper/[lth_paper_id]/
citations?fields=title, authors, year,venue,externallds,url&limit=[1000%*1]
end

Code A.1. Semantic Scholar query

Box A.1. LLM reporting its filtering strategy

I filtered sentences by keeping only those that (1) explicitly mention
overparameterization or large/wide networks, (2) explicitly mention subnetworks or
lottery-ticket concepts, and (3) explicitly make the causal link that bigger networks
work because having many subnetworks increases the chance of finding a good one.

A.2. LLM research results

We prompted ChatGPT-5.1 with searching for online sources, including articles, blog posts, and even slide decks, that
interpret the lottery ticket hypothesis as suggesting that overparameterized networks work well because they contain many
subnetworks, increasing the chances of having a winning subnetwork at initialization. We also asked the model to find
such sources in “deep research” mode, where the model can search the web more extensively, see Box A.2 for the LLM
self-reporting its strategy. While some results were satisfactory (albeit with many false positives), after manual verification,
the amount of sources found was limited to around a dozen. That is why we decided to gather more sources by performing a
systematic search of arXiv citations (described above).

Box A.2. LLM reporting its deep research goal

Each sentence must be from a source published between 2019 and 2025 and not authored

by Jonathan Frankle or Michael Carbin. It must explicitly link overparameterization
(e.g., large, wide, or deep networks) to an increased probability of success in

training, via the presence of many candidate subnetworks or well-initialized

components. The sentence should invoke the lottery ticket metaphor, describing how
large models "buy more tickets" or embed more trainable subnetworks. Sentences that
merely define the lottery ticket hypothesis or discuss pruning without making this
probabilistic-mechanistic connection should be excluded.

o 4
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B. Adversarial overparameterization experiment of Fig. 3b
B.1. Iterative Magnitude Pruning (IMP)

Let f(-; @) denote a neural network with parameter vector € R?, trained to minimise a loss £(8; D) over a dataset
D. Tterative Magnitude Pruning (IMP) (Frankle & Carbin, 2019) produces a sequence of binary masks p(*) € {0,1}4,
s =1,...,5, by alternating between full training runs and one-shot magnitude pruning of a fixed fraction p of the remaining
weights. After each pruning step the network is rewound: its surviving parameters are reset to their values at initialisation
6%, and training is repeated. The surviving weights 8 = 0 o 1) form the lottery ticket subnetwork.

B.2. Random overparameterization (randOP)

Given a step-s ticket mask (), we define a regrown mask pij‘), € {0,1}* by randomly activating a fraction p of the pruned

positions, with () - ,u,gj\), = 0. The full mask is then p(%) + M£§3,~ The network is then initialised with a hybrid scheme:

ticket weights are hard-pinned to their rewound values O, the regrown weights 8,4, are set to initialized to Kaiming-uniform
random values, and all remaining positions are held at zero throughout.

B.3. Adversarial overparameterization (advOP)

Standard random regrowth initialises 6,4, without any regard for the lottery ticket. Adversarial overparameterization (advOP)
instead searches for a 0,4, that maximally disrupts the ticket’s gradient signal.

Reference gradient. We first compute the gradient that the ticket alone would produce when the regrown weights are
silenced (6,qy = 0):

et = Vo, L(07,0), (10)

averaged over the full dataset. This serves as the reference direction for the ticket’s optimisation trajectory at step s.

Adversarial objective. After initializing 6,4, to random values, we solve an inner optimisation over 8,4, for K steps. At
each step we sample a minibatch B; and compute the ticket gradient in the presence of the regrown weights:

gT(Oadv) - VBT £(0Ta Oadv)a (xay) ~ Bt' (11)

Computing the gradient of any objective J with respect to 8,4, requires differentiating through g, i.e. second-order
differentiation:

Jcos(eadv) = COS(gT(eadv)7 gref)7 (]2)

*

Minimising J..s drives the cosine similarity toward —1. After K adversarial steps, the final adversarial weights 8,

written into the model and training proceeds normally on the regrown network.

are

B.4. Experimental setup

Architecture. We use Conv-6 (Frankle & Carbin, 2019), a convolutional network with six convolutional layers organised in
three blocks. Each block consists of two 3 x 3 convolutions with padding 1, each followed by a ReLLU activation, and a
2 x 2 max-pooling layer. The channel widths are 3 — 64 — 64, 64 — 128 — 128, and 128 — 256 — 256, respectively. The
convolutional features are flattened and passed through two fully connected layers of 256 units with ReLLU activations,
followed by a linear output layer of 10 classes. The network is trained on CIFAR-10.

Iterative Magnitude Pruning. We run IMP for S =21 rounds with a per-round prune rate p=0.2, training each round for
30 epochs with learning rate 1.2 x 10~2 and batch size 60. We repeat this procedure for 5 independent initialisation seeds.
Runs whose early stopping test accuracy falls below 20% are considered training failures and excluded from the filtered
analyses.
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Conditions. We compare four experimental groups:

1. LTH: the pruned ticket trained from its rewound initialisation (5 runs, one per seed);

2. advOP: the ticket is regrown with growth ratio p= 0.5 and adversarially initialised by minimising J..s (Eq. 12) for
K =5000 minibatch gradient steps (batch size 2048) at learning rate 0.01 (15 runs: 5 seeds x 3 regrowth seeds). We
report the accuracy of the trained regrown network;

3. rndOP: same regrown masks and positions as advOP, but 6,4, is initialised with Kaiming-uniform random values
without adversarial optimisation (15 runs: 5 seeds x 3 regrowth seeds);

4. rnd: networks trained with random masks of matching sparsity but no ticket structure (8 seeds). This is the control
condition reported in Fig. 3b.

B.5. Results

Fig. B1 reports early stopping test accuracy as a function of the fraction of weights remaining after each pruning round. LTH
tickets maintain good accuracy until high sparsity levels, after which performance degrades sharply. AdvOP consistently
underperforms LTH across nearly all sparsity levels: the adversarial initialisation of the regrown weights successfully
disrupts the ticket’s learning signal. At the highest sparsity levels, advOP improves the networks performance, we speculate
that this is because the amount of capacity added to the network by the regrown weights is large enough to compensate
for the disruption of the ticket’s signal. Grey arrows link each LTH ticket to its corresponding advOP network at the same
pruning round, indicating which ticket served as the starting point for each regrown network. The rnd condition, which
lacks ticket structure entirely, performs worst. Fig. 3b summarises these findings by aggregating early stopping test accuracy
into two sparsity bins (rounds 3-9, corresponding to roughly 60%-13% weights remaining; and rounds 10-16, roughly
11%-3%).

80%

75% -

70% A

Early stopping acc. (%)

65%

o o o Jp
v y &)
S & NS N © ) N N

0\0

Weights remaining

Figure Bl. Adversarial overparameterization degrades lottery tickets across sparsity levels (filtered). Early stopping test accuracy
(mean + min/max across seeds) as a function of weights remaining for the three conditions: LTH tickets (green), advOP (red), and rnd
(black). Runs with early stopping accuracy < 20% are excluded. Grey arrows link each LTH ticket to its corresponding advOP network at
the same pruning round.

Fig. B2 extends the comparison to all four conditions, including rndOP. Interestingly, rndOP performs on par with LTH
across the full range of sparsity levels, showing that the simple addition of randomly initialised weights neither helps nor
hinders the ticket. The paired bar plot (Fig. B2, right) aggregates early stopping test accuracy into the same two sparsity
bins, now comparing LTH against rndOP with an rnd baseline. rndOP performs better than the original LTH it was derived
from, presumably because the additional capacity provided by the regrown weights allows it to perform better, without
the adversarial initialisation that advOP employs. Note that rndOP does not validate the lottery mechanism. It shows the
robustness of these tickets to random perturnations. Refuting a property requires only one counterexample (advOP), while
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establishing a property requires it to hold universally (or requires a rigorous redefinition of its scope, see discussion in
Section 4).
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Figure B2. Random overparameterization does not affect lottery ticket performance (filtered). Left: Early stopping test accuracy
(mean 4 min/max across seeds) as a function of weights remaining for all four conditions: LTH (green), advOP (red), rndOP (brown), and
rnd (black). Runs with early stopping accuracy < 20% are excluded; coloured numbers at the bottom indicate how many such failures
were removed at each sparsity level. Right: Paired bar comparison of LTH vs. rndOP, aggregated over two sparsity bins.

Fig. B3 shows the unfiltered version of the early stopping analysis, including all runs regardless of accuracy.
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Figure B3. Same as Fig. B2 but without filtering. All runs are included, including those with early stopping accuracy < 20%.

Fig. B4 shows example diagnostics of the adversarial optimisation inner loop for a single ticket at one pruning round. The
cosine similarity between the ticket gradient and the reference gradient decreases steadily toward —1, confirming that
the procedure successfully anti-aligns the learning signal. As a by-product, the norm of the regrown weights ||@,qy|| can
increase.
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Figure B4. Adversarial attack loss curve. Cosine similarity cos(gr, gret) over K =5000 gradient steps for one example advOP round.
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C. Scaling analysis under different interpretations of “lottery”, and “ticket”

Section 2.2 derives a super-exponential upper bound on the probability of failure, by assuming that embedded subnetworks
are both sufficient and independent. Here we construct new interpretations and examine how they would lead to different
scaling predictions. Importantly, since our main focus is on the use of the analogy itself, we will explore alternatives that
agree with mechanisms of a literal lottery.

All of our alternative interpretations share the sufficiency assumption of eq. 2 and its contrapositive (eq. 3). They differ in
what constitutes a “ticket” and what is treated as an independent draw. We stress that, unlike the independent-subnetworks in-
terpretation analyzed in Section 2.2, none of the following alternatives have, to our knowledge, been previously mentioned or
used as interpretations of the lottery metaphor (Tables A1, A2). We construct them here as a thought exercise: if one insists on
treating neural networks as lotteries, what other readings of the metaphor are available, and what scaling laws do they predict?

independent subnetworks

node-count  edge-count

— data
p(r) p(()rd)
without replacement disjoint subnetworks independent nodes
..... i-a-m(?)], — L p—
log P({R;=fail}) P({R;=fail}) log P({R;=fail})
107! m—— 0.150 1071
| 0.075 107
; ' 1073
107241 L 0.000 4 1044 N
4 5 6 7 4 5 6 7 4 5 o6 7
m m m

Figure C5. Scaling predictions under different lottery interpretations. All panels show the probability of failure P({R; = fail}) as
a function of network width m. Left: logarithmic scale, showing all five models. The independent-subnetwork bounds (grey, dashed
and solid) and the without-replacement model (blue, dotted) drop to negligible values within one step of overparameterization. Note
that independent subnetworks (edge-count) and without-replacement models are overlapping at this scale (and the next one). Center:
same data on a linear scale. Right: logarithmic scale, zoomed into the data region. Both the naive disjoint subnetworks model (red), and
independent nodes model (purple) decay exponentially, ignoring the combinatorial gains suggested by the quotes found in the literature.

Independent subnetworks (recap). The model of Section 2.2 treats all /N embedded subnetworks as independent, each
failing with probability py. Counting subnetworks by nodes gives Np = (T), counting by edges gives Ng = (Tj) Where
d = din + dout, v is the number of neurons in the subnetworks (= width of the winning ticket = width of the teacher), and m
is the width of the whole network (= width of the student). The resulting bounds are:

PR = a1} <p87), PR, = fain)) < piY) (13)

Both decay super-exponentially in m: O(pz)"r) and O (p(’)”rd) respectively. As shown in Fig. 3c, these predictions vastly
overestimate the benefits of width.

Sampling without replacement. In small lotteries, where the available number of tickets is small, such that buying a
considerable amount of tickets significantly depletes the pool, the assumption of independent draws is violated. Draws are
dependent: e.g. if one buys 99 out of 100 tickets, and has 99 loosing tickets in the hand, the probability of winning on the
next draw is not 1% but 100%. Simply put, the probability of failure decreases linearly with the number of tickets bought,
rather than exponentially. As an aside we note that this assumption is not compatible with Frankle & Carbin, 2019’s original
interpretation of what constitutes a ticket: a subgraph together with its initialization®*; making the pool of available tickets
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essentially infinite. Nonetheless, let us for the moment treat the pool of subnetworks as finite. If each subnetwork is drawn
without replacement, the probability of failure decreases linearly in NV rather than exponentially:

PR = gai1)) < 1= =) (7)) ) (14)

where [-] denotes max(0, -). This is the first-order expansion of the independent-subnetwork model and reaches exactly
zero at (T) = (1 — po)~!. This scaling is even more aggressive than the super-exponential bound (Fig. C5).

Disjoint subnetworks. A natural way to guarantee stronger independence is to restrict attention to non-overlapping
subnetworks that share no neurons (i.e. disjoint sets of nodes). A network of width m contains |m /7] disjoint subnetworks
of size r, each failing independently with probability pg:

P({R; = fail}) < pj™/"! (15)

This decays as O(pgn/ T): exponential in m, but with a much smaller exponent than the combinatorial models since

m/r < (T) This reflects the fact that restricting to disjoint subnetworks drastically reduces the number of independent
chances to succeed and completely neglects the combinatorial gains suggested by the quotes found in the literature. Note
that even this formulation is problematic, as disjoint subnetworks are not truly independent because they influence each
other’s gradients (Section 2, gradient argument). Figure C5 shows this scaling in comparison with the empirical data (due

to limited values of m sampled, we plot pgn/ " instead of p(%m/ ).

Independent nodes. Rather than treating whole subnetworks as the independent units, we can push the independence
assumption down to individual neurons. This interpretation is the closest to the assumptions of Boursier et al. (2022); Pesme
& Flammarion (2023); Pinson (2026), where they analyze networks dynamics as race between individual neurons. This
independence is strenghtened in the particular setups they analyze: each neuron either receives a single orthogonal input
(Boursier et al., 2022) or corresponds to an independent coordinate in a diagonal linear network (Pesme & Flammarion,
2023); while Pinson, 2026 analyses dynamics of neurons for intervals of time where the samples activating them are the
same, which also implicitly assumes a certain degree of independence between units (or in general limited influence w.r.t.
the full gradient dynamics).

Let each neuron succeed at recovering a unique feature independently with probability s. We assume that each subnetwork
of size r succeeds when all » neurons succeed at recovering their respective features (sufficiency property at the node level).
We can infer s from the experiment of Fig. 3c: pg = 1 — s”, hence s = (1 — pg)*/". The network fails when fewer than
r neurons succeed, yielding:

r—1
P({R;y=fail}) < Z (7:) sF (1— s)m—k7 s=(1 _po)l/r (16)
k=0

This is the binomial CDF and decays as O(m“1 (1- s)m): exponential in m with a polynomial prefactor. We note that
this new interpretation of the lottery metaphor at the level of individual neurons is a large deviation from the usual consensus
on what constitutes a ticket.

Comparison. The five models span a hierarchy of decay speeds as a function of network width m, from slowest to fastest:

m/r —1 s rd
o(py"") <data<O(m'(1-5)") < O(py") < O(p™) < [1-0-w)(7)], (17)
S —
1 AN e A A
disjoint subnets independent nodes independent subnets  independent subnets w/o replacement
(node-count) (edge-count)

Fig. C5 compares all models against the empirical data. The left panel shows the full picture on a logarithmic scale, the
central panel shows the same data on a linear scale, while the right panel zooms into the region where the data lives. Both
the disjoint and independent-node models decay exponentially, rather than combinatorially (as tickets arguments would
suggest?3®) in the number of potential subnetworks, but seem to be more compatible with the data than the combinatorial
models. Given that all these models are overly simplistic (as eq. 7 makes explicit), it is not surprising that none of them
matches the curve obtained from the simulations (details in Appendix F). Upon closer inspection (Fig. C5, right), the data
may decay even slower than exponential, but more datapoints at larger widths would be needed to confirm this.
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D. Hierarchy of critical points
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Figure D6. Left: ratio between number of saddle subspaces and global minima subspaces as a function of overparameterization.
The counts of symmetry-induced saddle and minima subspaces are provided in Simsek et al. (2021), here applied to the case of 2-layer
MLPs. Overparameterization, on the x-axis, is measured as the ratio between the size of the student hidden layer with respect to the
teacher’s.

Right: MSE test loss of 2-layer MLP students trained to imitate a 2-layer MLP teacher that classifies MNIST. Setup borrowed from
Martinelli et al. (2024), where a 2-layer MLP teacher (30 hidden neurons) trained on MNIST is used to generate a dataset of input-output
pairs, and then 2-layer MLP students are trained to imitate the teacher (MSE loss). At each overparameterization level (x-axis), 50
independent students are trained and their test losses are shown (circles). At mild overparameterization levels, we can see two clusters
of solutions: rare ones at low loss, and more common ones at higher loss. As overparameterization increases, the cluster of low-loss
solutions becomes more common, and the cluster of high-loss gradually decreases in loss.

The main result of Simsek et al. (2021) is that the ground state (zero loss) dominates the loss landscape of neural networks
already for mild overparameterization. The effect becomes stronger with the degree of overparameterization.

Let us briefly sketch the main ideas. Even though the counting arguments of Simsek et al. (2021) are more general, they are
best explained in a teacher-student paradigm. Suppose that the teacher is an irreducible network (i.e., a network of minimal
width for the generated data set) with a single hidden layer of size r and the student a network with a single hidden layer of
size m; say r = 50. If m = r there is one single configuration of the student that has zero-loss, i.e., each weight vector
of the teacher is matched by exactly one of the student. In fact, because of permutation symmetries, there are m! of these
zero-loss minima, but since the factor m/! is also present in all other configurations discussed below, we count this “ground
state configuration” as a single one: Cjy = 1.

Suppose now that the m = r neurons of the student are used to mimic a teacher network of size » — 1. Since the teacher is
irreducible, the lowest loss of this smaller network is above zero. Importantly, this state is a critical point of the student
network because we can apply neuron splitting as introduced in the main text: we double one weight vector of the network
of size r — 1 and now have a network of size r. After neuron splitting, the lowest-loss state of the network of size r — 1
turns into a saddle? of the network of size m = . How many configurations (of the network of size m = ) correspond to
zero-loss of the network of size » — 1?7 The neuron chosen for splitting can be any of the  — 1 neurons, hence C; = r — 1.
The argument can be repeated and shows that the count of all configurations in a network of size m = r that are identical
to the lowest-loss configuration of a network of size  — 2 is a number C'; > (71, etc. The hierarchy of saddles* that are
constructed in this fashion has been called “symmetry-induced critical points” (Simsek et al., 2021).

For readers with a physics background, a useful analogy might be the configurations in an Ising model of IV spins without
interactions, in the presence of a weakly positive external field. The ground state has only a single configuration (all spins
aligned upward): Cy = 1. But there are /N configurations, all of equal energy, where exactly one spin points downward;
hence C; = N. The energy is even higher, if £ spins point downward and the count of these configurations increases rapidly,
Cy = (’:), until £ = N/2 where half of the spins point downward. Similarly, the number of symmetry-induced critical
points in a student network with m = r increases (at the beginning) rapidly if more and more neurons have identical weight
vectors. The entropy log C'y, increases with the number of “equivalent configurations” . We call C}, the entropic count factor.

This picture changes radically, if the hidden layer in the student network is three or four times larger than that of the teacher:

3Here the term saddle also includes plateau saddles: it is always possible to escape from a plateau saddle with an appropriate mixing
of output weights (Fukumizu et al., 2019). Because of this subtlety, we introduced in the main text the term saddle*.
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p = m/r is the ratio “student width/teacher width”. For p > 4, the number of configurations in the zero-loss state is huge
compared to that in any saddle* with no-zero loss. Hence the ratio of the number of saddle* manifolds divided by number
of global minimum manifolds decreases with p (Fig. D6, left). The larger the network, the more pronounced the effect.
In other words, the entropic count factor favors the ground state. Already for p = 4 the entropic factor of the ground
states completely dominates the entropic factor of all other symmetry-induced critical states. This is in agreement with the
empirical observation of a high probability of a student to reach loss close to zero (D6, right).

D.1. Formulas for counting saddles and global minima subspaces from Simsek et al. (2021)

In the following we report the formulas used to compute the counts of symmetry-induced saddle and minima subspaces in
Figure D6 (left), as a function of teacher width r and student width m.

How many critical subspaces are generated by neuron duplication? Let k = (kq, ..., k,.) be a composition of m into r
positive parts, i.e. k; > 1and ) ;_, k; = m. Each such composition defines a distinct way of replicating r original neurons
into m labeled slots. The number of resulting affine subspaces is

Glrm)= > (klmk> - i <Z>(—1)T_iim. (18)

ki4--+kr=m i=1
i >1

i

How many critical subspaces are generated by neuron duplication and zero-type neurons? When expanding from
width 7 to width m, one may also introduce zero-type neurons: neurons with identical, but arbitrary, incoming weights whose
outgoing weights sum to zero, contributing nothing to the network function. The total number of affine subspaces forming
the global minima manifold accounts for all ways of combining replicated neurons with groups of zero-type neurons:
m-—r m u 1
T(r,m)=G(r, G(r,m — , = —G(j,u). 19
=Gl + 3 () Gm—wgt), g =32 56w (19)

j=17"

The first term G(r, m) counts subspaces with no zero-type neurons; the sum adds configurations where u of the m slots are
occupied by zero-type neurons, with g(u) counting how those « neurons can be partitioned into groups of equal incoming
weights (with a 1/;! correction for interchangeability of groups of equal size).

Ratio of saddle to global minima subspaces. For an overparameterized network of width m whose minimal-width teacher
has width r*, a k-th level saddle corresponds to a critical point of a network of width r* — k, fork =1,...,r* — 1. Simsek
et al. (2021) consider only duplication of neurons when counting critical points at losses above zero, specifically excluding
zero-type neurons; this is because Fukumizu & Amari, 2000 prove that zero-type neuron addition does not maintain
criticality, unless the critical points is already at zero loss. Hence, the count of saddle subspaces is Z;;_ll G(r* — k,m).
For the global minumum, both neuron duplication and zero-type neuron addition can be used to generate a set of minima
subspaces, hence the count of these subspaces includes both terms: 7'(r*,m). The ratio of the total number of saddle
subspaces to global minima subspaces is

r*—1
. 1 G(r*—k, m)
R(r*,m) = = 1T(r* m) '

We note that this count alone does not give a complete explanation for the convergence results we see in Fig.D6-right
(opening interesting questions for future research) because of several reasons: 1. it does not include critical points that are
not generated by network symmetries (if they exist); 2. it is unclear if, and what fraction of, saddles* are problematic for
gradient descent, but evidence shows that local minima can be present just nearby saddles (Martinelli et al., 2025); 3. it is
unclear how to relate the count of saddles vs. global minima to the probability of reaching them, which also depends on
their stability and the volume of their basins of attraction.

Related to the last point, Simsek et al. (2021) reports the dimensionality of the ground-state manifolds: the global minima
expansion manifold consists of affine subspaces of dimension at least min(di,, dou) (M — 7*).

(20)
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E. Maintaining dynamics identical while splitting neurons at initialization

In this section we provide more details on the experiment described in Section 3 and Fig. 6, where we aimed at uncovering
the dynamics of gradient descent around the point where a local minimum of a smaller network is transformed into a
saddle in a larger network, by adding a neuron. In particular, we describe our procedure for setting up the dynamics of the
larger landscape in such a way that they would traverse such saddle point in the larger landscape. Note that the effect of
transforming minima into saddles is not only relevant for those trajectories that pass near a saddle. Indeed, once a minimum
is transformed into a saddle, it is very unlikely to trap trajectories.

E.1. On the geometry of manifolds of saddle points

In Section 3 we described how local minima can be transformed into saddles by adding more dimensions to the landscape,
via neuron addition (eq.8). The new, higher-dimensional landscape contains what one could informally call the “ghost”
of the local minimum of the smaller network. Crucially, the mapping is not bijective. This is because the addition of a
single neuron creates multiple new dimensions and changes also the dimensionality of the critical point. For example, a
0-dimensional critical point (local minimum) in the smaller network maps into a set of critical points of the larger network.
How can we locate this set of critical points in the larger network? Fukumizu & Amari (2000) define a set of critical points
inherited from smaller networks:

Neuron splitting: the new neuron’s parameters are set in such a way that the neuron is duplicating the contribution of
another existing neuron located at the original local minimum, and by making sure that the output weights of the two copies
are set in such a way that their sum corresponds to the output weights of the original neuron before splitting. This generates
a d,y¢-dimensional manifold of critical points.

E.2. Setting up the dynamics to traverse a symmetry-induced saddle point

The dynamics of gradient descent are highly non-linear. In general, it is not guaranteed that by setting the initial conditions
of the larger network to be functionally identical to the initial conditions of the smaller network, the dynamics will be
identical and will traverse the saddle point corresponding to the local minimum of the smaller network. Empirically, we find
the dynamics to be similar enough for the case of Fig. 6. Although, in general, when duplicating a neuron at initialization
the gradient of the input weights of the two copies are identical to the gradient of the original neuron, up to a scaling factor
that depends on the splitting factor ~y (see Section 3). The gradient of the input weights is:

oL
au}in

1 N
= N Z C/(f(mn)vgn) 'Vw;l:n U/(wi;:xn) T, f(xn) = wouto(wi—ln—xn)~ (21
n=1

where c is a cost function, and ¢’ is its derivative with respect to the output of the network f(z,). We can see that the
splitting of the two neurons at initialization effectively slows down the dynamics of the input weights of the split neurons by
a factor of . This effect could cumulate and eventually lead to different trajectories in the larger landscape, compared to the
smaller landscape. This is the reason why in Fig. 6 the dynamics of the larger network neurons are slightly different than the
ones in the smaller network. Despite this, the dynamics are similar enough to traverse the saddle point corresponding to the
local minimum of the smaller network. This is likely the case due to the simplicity of the landscape analysed. To make sure
the dynamics would remain identical one could compensate this speed difference by scaling the learning rate of the input
weights of the split neurons by a factor % The results of this simulation are shown in Fig. E7.
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Figure E7. Visualizing escape dimensions in a nonconvex landscape (identical trajectories example). Simulation equivalent to
Fig. 6, but with the learning rate of the input weights of the split neurons scaled by a factor % to compensate for the speed difference in
the dynamics. The dynamics are now identical between the smaller and larger network (up to sampling of loss points). The saddle is
approached differently from the Fig. 6 case, hence the escape to a different local minimum (see inset). Note that the loss projection is
highly sensitive to all the other dimensions that are not plotted. Together with the fact that the trajectory is high-dimensional, it is expected
to have a shift in relative positions between the projected loss and the projected trajectory. Nevertheless, the fact that a saddle can be seen
in this projection is indicative about the nature of the landscape around the specific region where red and blue losses cross.

E.3. Example of expanding a 4-neuron student into a 5-neuron one

For purposes of generality, we show that sub-optimal minima exist even in 4-neuron students learning 4-neuron teachers
(Fig. E8). Escape dimensions help gradient descent reach lower losses. It is important to note that it is not possible to
determine how many escape dimensions are needed to reach the global minimum.
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Figure ES. Visualizing escape dimensions in a nonconvex landscape (larger student example). Simulation equivalent to Fig. E7, but
starting with a 4-neuron student and expanding to 5-neuron. The teacher is the same as in the main text, with 4 neurons. The 4-neuron
student has a local minimum with sub-optimal loss, which is transformed into a saddle in the 5-neuron landscape. The dynamics of
gradient descent can escape from this saddle and reach a lower loss; in this case, not the global minimum but another local minimum.
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F. Simulation details
F.1. Fig. 3 top

We train a two-layer neural network on a synthetic task to investigate whether subnetworks that successfully learn the task in
isolation can be made to fail by adding additional random neurons to the network.

Data and teacher network: We use a synthetic regression task where the target function is defined by the teacher:
freacher(X) = ReLU(W{ x — b) + ReLU(W3 x — b) + ReLU (w3 x + b) — ReLU(w3 x — b) (22)

where x € R?, wy = [1,1], wo = —wq, w3 = [1,—1],b = ﬁ/2 Input data consists of 30,000 samples drawn uniformly
from [—/3, /3] x [—+/3, /3] (unit variance distribution).

Student networks architecture: A two-layer network with » € {4, 5,6, 7} ReLU hidden units and one output unit. Both
layers have bias terms.

Training procedure: We train student networks from random initialization with different random seeds. Since we are in a
teacher-student setup where teacher and student have the same architecture, there exist parameters that achieve zero loss. We
consider a training successful if the dynamics of gradient descent lead to a global minimum, i.e. final loss is below 10725,
Note that in over-specified students, there exist multiple global minima that achieve zero loss (Simsek et al., 2021). Training
is performed with the MLPGradientFlow package (Brea et al., 2023) using the differential equation solver KenCarp58. With
this high precision procedure, we make sure that gradient descent has converged, without incurring into the risk of mistaking
convergence for the traversal of flat regions of the landscape. We run the ODE solver for a maximum of 15 seconds and
apply a second-order optimizer for 1 additional second to ensure convergence to local minima. We make sure that with this
procedure, all trained networks have converged to a local minimum by verifying that for at least 10° iterations the loss does
not decrease further.

Winning tickets identification: From the 100 baseline trainings, we identify 7 networks that successfully converged to
small loss. These trained networks serve as our “winning tickets”.

Adding neurons experiment: For each winning ticket (identified by its initialization I*), we test whether the subnetwork
remains a winning ticket when embedded in a larger network (r € {5, 6, 7}). Specifically, we:

1. Initialize the first 4 hidden neurons from the winning ticket, including weights and biases from both layers

2. Randomly initialize » — 4 new hidden neurons using Glorot normal initialization with 30 different seeds

3. Concatenate the ticket parameters with the new random parameters, resulting in a network of r hidden neurons

4. Train this network for the same convergence criteria as before
We perform this experiment for each of the identified winning tickets and each of the 30 random seeds, resulting in multiple
trials per ticket. We record the final loss value to determine whether the embedded ticket still learns the task successfully.

Random re-initialization As a control experiment, we also test the base success rate of each network size. We follow
exactly the same procedure as above, but we randomly initialize the parameters from a Glorot normal distribution.

F.2. Fig. 3 bottom

We empirically test the prediction that the probability of training failure decreases exponentially with the number of
subnetworks embedded in a dense network, as suggested by the independence assumption in eq.5.

Data and teacher network: We consider the same teacher—student regression task as above. The teacher is a two-layer
MLP with 4 hidden neurons and no output bias,

fteacher(x) = Z U(ij)a

i=1

with fixed weights w; € R? given by {(0.6, —0.5), (—0.2,0.1), (0.5,0.5), (0.6, —0.6)}. The dataset is generated by
evaluating the teacher on 1600 input samples drawn from the same distribution as in the other experiments. Since the student
and teacher share the same architecture, zero training loss is achievable with width 4.
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Student networks architecture: Student networks are two-layer MLPs with a single output neuron and biases in both
layers. We vary the number of hidden neurons r € {4,5,6,7}.

Training procedure and success criterion: All networks are trained from random initialization using the same high-
precision gradient flow procedure as in the top experiment. A training run is declared successful if the final loss is below
1025, ensuring convergence to a global minimum. As before, we verify convergence by checking that the loss does not
decrease over at least 10° iterations. To obtain a precise estimate of failure probabilities, especially when small, we train
4000 differently initialized students per value of width.

F.3. Fig. 6

We describe the numerical experiment used to illustrate how neuron addition can create escape directions in a nonconvex
loss landscape.

Data and teacher network: We consider a synthetic teacher—student regression task. The teacher is a two-layer MLP with
Softplus activations and 4 hidden neurons, defined as

1 3
freacher(X) = 3 O'(WIX —-b)+ O‘(W;—X —-b)+ O‘(W;—X +b) — B U(WIX —b),

where o (+) denotes the Softplus function,
Wi = (17 1)a W2 = (_17 %)7 W3 = (%7 _1)a Wy = (_%7 _1)a
and b = /3/2. Input samples x € R? are drawn from the same distribution as in the other experiments.

Student networks architecture: The student networks are two-layer softplus MLPs with a single output neuron and bias
terms in both layers. We consider:

e a small network with 3 hidden neurons, and

* alarge network with 4 hidden neurons obtained by splitting one neuron of the small network.

Both networks use identical architectures apart from the number of hidden units.

Training procedure: The small network is trained from random initialization using gradient descent until convergence to a
local minimum. Training minimizes the mean squared error loss. We ensure convergence by running the optimization until
the loss ceases to decrease further. All training is performed using the same numerical integration and convergence criteria
as in the other experiments.

Neuron splitting operation: We experimented with both € = 107'° and € = 0 and obtained similar results. We speculate
that e = 0O still works due to machine precision error (the two neurons, if identical up to infinite precision should never split).
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